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Abstract
Renyi entropies of a black hole are evaluated by counting the states
of the Hawking radiation which fills a thin shell surrounding the hori-
zon. The width of the shell is determined from its energy content and
the corresponding mass defect. The Bekenstein-Hawking formula for
the entropy of the black hole is correctly reproduced.
1 Introduction
The effective number of quantum states inside a black hole of mass M is
determined by the Bekenstein-Hawking formula for its entropy [1, 2]
SM = 4πM
2, (1)
giving an important information about the probabilities pi of the states ψi
forming the black hole1. Indeed, when pi’s are introduced into the general
∗Address: Reymonta 4, 30-059 Krakow, Poland; e-mail:bialas@th.if.uj.edu.pl;
1Throughout this paper we use G = h¯ = 1.
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formula for entropy of a statistical system
S = −
∑
i
pi log pi, (2)
they have to satisfy (1).
To obtain more information about pi it is necessary to investigate other
quantities of similar nature. In the present paper we discuss the moments of
pi, i.e. the coincidence probabilities,
Cl =
Γ∑
i=1
[pi]
l (3)
where Γ is the total number of states of the system.
Since the coincidence probabilities are, generally, rather small numbers,
it is more convenient to consider the Renyi entropies [3] defined as
Hl = −
1
1− l logCl. (4)
It is not difficult to show that
S = H1 (5)
where the R.H.S. is understood as the limiting value of Hl when l → 1.
Our method of evaluation of Hl is based on the conjecture that the prob-
ability distribution pi is encoded in the Hawking radiation emitted by the
black hole. To be more precise, we evaluate the Renyi entropies of Hawk-
ing radiation emitted into a thin shell close to the horizon. The width of
the shell is determined from the condition that the amount of the effective
energy emitted into this shell is equal to the loss of the mass of the black
hole.
It is shown that this procedure gives the correct Bekenstein-Hawking
formula (1) for H1, i.e. the entropy of the black hole [c.f.(5)] and thus it is
justified a posteriori.
Since the straightforward counting of states of the Hawking radiation
leads to a singularity at the black hole horizon [4], one has to employ a
certain regularization procedure. The singularity comes about because at
the horizon (r = ρ, where ρ = 2M is the black hole radius and r is the
Schwarzschild coordinate) the g00 component of the metric tensor vanishes:
g00(r; ρ) = 1− ρ/r. (6)
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To deal with singularities we replace (6) in the region close to the horizon by
g00(ρ ≤ r ≤ ρ(1 + δ); ρ) = g00(ρ(1 + δ); ρ) ≈ δ (7)
i.e. we take g00 to be a constant, starting from a certain arbitrarily small
distance from the horizon. For r ≥ ρ(1 + δ) (6) remains valid. It turns
out that our final result is finite and does not depend on δ in the limit
δ → 0. Thus our regularization procedure does not introduce any additional
uncertainties.
To summarize, we evaluate the Renyi entropies of the Hawking radiation
in a certain region of configuration space. This region is selected in such a way
that its energy content reproduces the mass lost by the black hole through
the radiation. It turns out that in this way the standard Bekenstein-Hawking
formula for entropy is recovered. The same procedure is then employed for
evaluation of other Renyi entropies.
In the next section the general formulae for entropies of the Bose gas
are given. They are applied to black holes in Section 3. In Section 4 the
appropriate volume is estimated and expressed in terms of mass defect. The
final formulae for the Shannon and Renyi entropies are obtained in Section
5. Our conclusions are listed in the last section. Evaluation of some relevant
integrals is described in the Appendix.
2 A general formula for Renyi entropies of a
Bose gas
We follow closely the argument given in [5] where we have obtained the
relation
Hl =
(
1 +
1
l
+
1
l2
+
1
l3
)
S
4
, (8)
valid for the free photon gas closed in a large static volume (in the flat space).
The main result of this paper is that the same formula is also valid for black
holes.
The probability of having n1 bosons in a state with energy ǫ1, n2 bosons
with energy ǫ2,... is given by
P (n1, n2, ...nM) =
M∏
m=1
(
1− e−βǫm
)
e−βnmǫm (9)
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where β = 1/T and we have put the chemical potential to zero.
The coincidence probabilities are
Cl =
∑
n1,n2,...
[P (n1, n2, ...nM )]
l =
M∏
m=1
(
1− e−βǫm
)l
(1− e−βlǫm.) (10)
This gives for the Renyi entropies
Hl =
1
1− l logCl = −
M∑
m=1
log
(
1− e−βǫm
)
+
1
1− l
M∑
m=1
log
(
1− e−βǫm
1− e−βlǫm
)
.(11)
Finally, when the sum over states is replaced by an integral we have
Hl =
∫
dN(ǫ)Wl(βǫ) (12)
where dN(ǫ) is the number of states with energy between ǫ and ǫ+ dǫ and
Wl(z) = − log(1− e−z) +
1
1− l log
(
1− e−z
1− e−lz
)
. (13)
This formula was derived in [5].
3 Application to black holes
Our problem now is to evaluate Hl for the radiation emitted by the black
hole of radius ρ into an infinitesimal layer around its horizon. To this end
we first have to specify the physical meaning of the energy ǫ and of the
temperature T = 1/β in the case of a black hole. Since the black-body
radiation is in equilibrium, the temperature T is a constant, provided ǫ is
the energy conserved in the process2
This implies that T is the Hawking temperature
T = TH =
1
4πρ
=
1
8πM
. (14)
To perform the integration in (13) we first have to determine the density
of states N(ǫ). The relevant calculation was performed in [4] where the
2Since the gravitational field outside of the black hole is static, the conserved energy
can be defined, c.f. [6], Section 88, and [7], Section 27.
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formula for the number of states with energy smaller than ǫ was given in the
form
N(ǫ) =
dr
πg00
∫ lmax
0
(2l + 1)dl
√√√√ǫ2 − g00
(
m2 +
l(l + 1)
r2
)
(15)
where g00 is given by (6). The integration extends for the values of l for which
the argument of the square root is positive. This integral can be evaluated
and one finally obtains
dN(ǫ) =
dN(ǫ)
dǫ
dǫ =
2r2dr
π[g00]2
√
ǫ2 − g00m2ǫdǫ ≈
2r2dr
π[g00]2
ǫ2dǫ. (16)
Introducing (16) into (12) we obtain for the Renyi entropy contained in
the layer between ρ and ρ+ dr
dHl =
2ρ2dr
π[g00]2
∫
∞
0
ǫ2dǫWl(βǫ) =
2
π
√
g00
dr
ρ
(ρTH)
3Φl =
1
32π4[g00]2
dr
ρ
Φl (17)
where Φl are numerical constants defined as
Φl =
∫
∞
ǫ0
z2dzWl(z) ; (18)
with Wl given in (13).
We see that the formulae (16) and (17) exhibit a singularity at r = ρ and
the procedure to regularize this singularity, described in the Introduction,
must be applied. As already mentioned, it turns out that the final result
does not depend on the details of regularization.
One can also verify that, when formally integrated from r = ρ+ h to ∞,
the divergent part (proportional to 1/h) is identical to that obtained by ’t
Hooft [4].
4 Relation to the mass defect
We have evaluated the contribution to the Renyi entropies from the Hawking
radiation emitted into an infinitesimal layer of width dr outside of a black
hole. At this point the width dr is infinitesimal still arbitrary. To connect it
to the physical properties of the black hole we relate it to the change of the
black hole mass, dM .
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To relate dr to dM we observe that the emission of radiation causes the
decrease of the mass of the black hole by the amount of emitted energy
reduced by the amount of free energy used in the process of shrinking of the
black hole:
dM = dE − dF (19)
where F is the free energy of the photon gas.
The amount of emitted energy dE can be evaluated from the well-known
formula for the Bose gas:
dE = dN(ǫ)ǫ
e−βǫ
1 − e−βǫ . (20)
Similarly, using the relation between the free energy and the statistical sum
Z we have
dF = −dN(ǫ)T logZ = dN(ǫ)T log(1− e−βǫ). (21)
Using the formula (16) for dN(ǫ) we obtain
dE =
2
π[g00]2
(ρT )3
dr
ρ
TΩ (22)
dF =
2
π[g00]2
(ρT )3
dr
ρ
Tω (23)
where
Ω =
∫
∞
ǫ0
z3dz
e−z
1− e−z ; ω =
∫
∞
ǫ0
z2dz log(1− e−z). (24)
Introducing (22) and (23) into (19) we have
dM =
1
32π4[g00]2
dr
ρ
T (Ω− ω) (25)
where g00 = g00(r; ρ) is defined by (6) and (7).
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Consequently,
dr
ρ
=
32π4[g00]
2
(Ω− ω)
dM
TH
. (26)
This formula gives the width of the shell around the horizon where the
energy content of the Hawking radiation balances the mass defect of the black
hole. To evaluate the Renyi entropies we now use our main idea, assuming
that that not only energy but also entropy lost by the black hole through
radiadion is contained in this shell.
5 Renyi entropies of the black hole
When (26) is introduced into (17), one sees that the singular factors [g00]
2 in
the numerator and denominator cancel exactly and one obtains
dHl =
Φl
Ω− ω8πMdM (27)
where we have used (14). Thus we have expressed the change of the Renyi
entropy in terms of the change in the black hole mass, essentially repeating
the original procedure of Bekenstein [1, 8].
After integration of (27) from 0 to M we thus have
Hl =
Φl
Ω− ω4πM
2 =
Φl
Ω− ωSM , (28)
where SM is the Bekenstein-Hawking entropy of the black hole [1, 2], given
by (1). The numerical constants Φl,Ω and ω are evaluated in the Appendix
and are given by formulae (32), (33), (34) and (35). It is also demonstrated
[c.f (36)] that
Φ1 = Ω− ω. (29)
With this condition (28) implies the correct formula (1) for the Shannon
entropy. This verifies that our conjecture gives the correct estimate of the
numer of states inside the black hole.
Using now Φl given in the Appendix we obtain for the Renyi entropies
the formula (8).
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6 Conclusions
Our conclusions can be summarized as follows.
(i) We have evaluated the Renyi entropies of a Schwarzschild black hole
of radius ρ using the conjecture that they are given by the entropies of the
Hawking radiation which fills a thin shell around the horizon. The width of
the shell is determined from the condition that the energy of the radiation
contained there is equal to the mass defect which the black hole suffers during
the emission process. When applied toH1 = S, this procedure reproduces the
correct formula (1) for the Bekenstein-Hawking entropy, thus providing the a
posteriori justification of the argument. The method requires a regularization
procedure for the Schwarzschild metric close to the horizon, but the effects
of regularization disappear from the final result.
(ii) All Renyi entropies are proportional to the Shannon entropy. The
ratio Hl/S turns out to be independent of the mass of the black hole. It is
interesting that this ratio is identical to that obtained for the photon gas in
a fixed volume.
(iii) Since the Renyi entropies provide additional information about the
statistical properties of the black hole, our calculation may perhaps be useful
in the search for its internal structure.
(iv) Our calculation is consistent with the idea that the entropy of the
black hole is determined by the state of its surface [1, 2, 8]. Indeed, it shows
that the black hole entropy can be evaluated from the Hawking radiation at
the horizon.
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7 Appendix. Evaluation of numerical con-
stants
To find Φl we have to evaluate integral
Θl =
∫
∞
0
z2dz log
(
1− e−lz
)
(30)
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This can be done by expansion in series of e−lz:
Θl = −
∞∑
n=1
1
n
∫
∞
0
z2dze−nlz = −
∞∑
n=1
2
l3n4
= − π
4
45l3
(31)
Using this we have
Φl = −
l
l − 1Θ1 +
1
l − 1Θl =
π4
45
l4 − 1
l3(l − 1) =
(
1 +
1
l
+
1
l2
+
1
l3
)
Φ1
4
(32)
with
Φ1 =
4π4
45
. (33)
In a similar way we obtain
Ω =
∞∑
n=1
∫
∞
0
z3dze−nz =
π4
15
(34)
and
ω =
∫
∞
0
z2dz log(1− e−z) = Θ1 = −
π4
45
. (35)
Thus, consequently,
Ω− ω = Φ1. (36)
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